Abstract. In this paper, we classify quadratic algebras in two variables at two levels: (1) up to isomorphism of graded algebras, (2) up to graded Morita equivalence. In general, it is difficult to classify algebras by looking at generators and relations, so we take a geometric approach, namely, using point schemes defined by Artin, Tate and Van den Bergh, to complete the classification.
Introduction
Throughout this paper, we fix an algebraically closed field k, and denote by k⟨X⟩ = k⟨x 1 , . . . , x n ⟩ the free algebra in n variables x i of degree 1 over k. Let R ⊆ k⟨X⟩ 2 be a subvector space and we denote by (R) the ideal in k⟨X⟩ generated by R. Then the algebra k⟨X⟩/(R) is called a quadratic algebra. The main purpose of this paper is to classify quadratic algebras in two variables, that is, k⟨x, y⟩/(f 1 , . . . , f r ) where f 1 , . . . , f r are linearly independent and deg f i = 2 for all i, at two levels:
(1) up to isomorphism of graded algebras, and (2) up to equivalence of graded module categories (graded Morita equivalence). Classification of quadratic algebras in two variables is divided into five cases by the number of relations, namely, r = 0, 1, 2, 3, 4. Clearly, k⟨x, y⟩ is the only quadratic algebra in the case r = 0, and k⟨x, y⟩/(x 2 , xy, yx, y 2 ) is the only quadratic algebra in the case r = 4. In the case r = 1, the classification is well-known. Furthermore algebras in the case r = 3 are classified using quadratic dual of the case r = 1. In this paper, we mainly describe methods and results in the case r = 2.
Let A be a graded k-algebra. Then we denote by GrMod A the category of graded right A-modules and graded right A-module homomorphisms of degree 0. Now, given two quadratic algebras in n variables A and B, we have questions to ask: A ∼ = B as graded algebras ? GrMod A ∼ = GrMod B? It is difficult to answer these questions by looking at generators and relations of A and B. Therefore we take a geometric approach to these questions, using point schemes defined by Artin, Tate and Van den Bergh [2] . If Γ A , Γ B ⊂ P n−1 × P n−1 are the point schemes of A, B, then the following holds (Theorem 2.2, Theorem 2.7):
=⇒ ∃σ ∈ Aut k P n−1 such that Γ A Thus we can classify quadratic algebras by making use of the point schemes. In the case of two variables, this geometric approach is quite effective. In fact, we complete the classification in the case r = 2 mainly using geometric method.
Point schemes and twisting systems
First we study the notion of the point scheme.
Definition 2.1. [2] Let A = k⟨X⟩/I be a graded k-algebra generated in degree 1. Then we define
} is an inverse system of schemes. The point scheme of A is defined by the inverse limit
However for the purpose of this paper, we define the point scheme of A by
by abuse of language, because we consider quadratic algebras only.
Theorem 2.2. (cf. [5]) Let A = k⟨X⟩/(R), B = k⟨X⟩/(S) be quadratic algebras, and Γ
Proof. Let σ| B 1 be the restriction map of σ to B 1 , andσ : k⟨X⟩ → k⟨X⟩ the natural extended map of σ| B 1 . Sinceσ(f ) is in R for any f ∈ S, we get
functor from the category of quadratic algebras in n variables to the category of schemes, so Γ A ∼ = Γ B is induced by A ∼ = B. □ By using this theorem, we can check whether two quadratic algebras are not isomorphic.
Zhang [8] found the necessary and sufficient condition for graded Morita equivalence, introducing the notion of a twisting system. Definition 2.3. [8] Let A be a graded k-algebra. Let θ = {θ i | i ∈ Z} be a set of graded k-linear automorphisms of A. Then θ is called a twisting system of A if
for all p, q, l ∈ Z and all a ∈ A p , b ∈ A q . Given a twisting system of A, say θ, the twist of A by θ, denoted by A θ , is defined to be A as a graded k-vector space with a new multiplication * by
If M is a graded right A-module, then the twist of M by θ, denoted by M θ , is defined to be M as a graded k-vector space with a new action * defined by
Remark 2.4. If A is a graded k-algebra, and φ ∈ Aut k A is a graded k-algebra automorphism, then the set {θ i := φ i } is a twisting system. 
Proof. Suppose GrMod A ∼ = GrMod B. Then A θ ∼ = B for some twisting system θ by Theorem 2.5. Moreover there exists a set of k-linear isomorphisms {ϕ i : B → A} which satisfies (2-1) by Lemma 2.6. Let
By using this theorem, we can check whether two quadratic algebras are not graded Morita equivalent. Now we define the Hilbert series. Definition 2.8. Let V be a locally finite graded k-vector space. Then we define the Hilbert series of V by
Theorem 2.9. (cf. [8] ) Let A, B be graded k-algebras generated in degree 1, and
Proof. Suppose GrMod A ∼ = GrMod B. Then A θ ∼ = B for some twisting system θ by Theorem 2.5. It means that A ∼ = B as graded k-vector spaces, so H A (t) = H B (t). □
It follows that if H
3. The case r = 1
In this section, we recall the classification in the case r = 1. We define an equivalence relation on
, then it is well-known k⟨x, y⟩/(f ) ∼ = k⟨x, y⟩/(g) if and only if there exists P ∈
This method is used in classifying (commutative) quadratic forms. However, in noncommutative case, this method is not effective. Since we can not assume M f is symmetric, so instead, we associated to f = αx 2 + βxy + γyx + δy 2 the matrix
in this paper. Then the following holds.
Proof. This follows from the definition of M f and calculations. □ For any f = αx 2 + βxy + γyx + δy 2 ,
for some invertible matrix P ∈ GL 2 (k), where
by the classification of the "Jordan" canonical form for M 2 (k) up to non-zero scalar multiplication. We get the classification of k⟨x, y⟩/(f ) by Lemma 3.1.
Theorem 3.2. Every quadratic algebra of the form k⟨x, y⟩/(f ) is isomorphic to exactly one of the following:
where
The point scheme of each algebra is
so GrMod A ≇ GrMod C and GrMod B ≇ GrMod C by Theorem 2.7. Moreover, the Hilbert series of each algebra is
so GrMod A ≇ GrMod B by Theorem 2.9. Hence we get the following classification.
Theorem 3.3. Every quadratic algebra of the form k⟨x, y⟩/(f ) is graded Morita equivalent to exactly one of the following:
Let A be a graded k-algebra and M, N graded right A-modules. Then A is said to be connected if A i = 0 for all i < 0, and
have good homological properties analogous to the polynomial algebras.
A commutative algebra A is AS-regular if and only if A is a polynomial algebra. A 2-dimensional AS-regular algebra generated in degree 1 is either of the form
Classification of 3-dimensional AS-regular algebras generated in degree 1 was attacked by Artin and Schelter in their paper [1] . Later Artin, Tate and Van den Bergh [2] completed the classification of 3-dimensional AS-regular algebras generated in degree 1 by using geometric approach.
The case r = 2
In this section, we see methods and results of the classification in the case r = 2. Proof. The last two matrices in (3-1) are the canonical form of invertible matrices up to scalar multiplication. Hence we have Proof. For each quadratic relation f = αx 2 + βxy + γyx + δy 2 , we define the point p f := (α, β, γ, δ) ∈ P 3 . If we define 
Proof. Since x 2 is contained in the relations, we first make the second relation f so that
) by Lemma 3.1. Moreover, since x 2 is contained in the relations, we again replace the relation
) .
(1) The case δ = 0 : where µ ̸ = 0. 
Proof. We may assume
A Γ A H A (t) k⟨x, y⟩/(x 2 , xy) (0, 1) × P 1 (1 + t)/(1 − t) k⟨x, y⟩/(x 2 , yx) P 1 × (0, 1) (1 + t)/(1 − t) k⟨x, y⟩/(x 2 , xy − λyx) (0, 1) × (0, 1) (1 + t)/(1 − t) k⟨x, y⟩/(x 2 , y 2 ) (0, 1) × (1, 0) ∪ (1, 0) × (0, 1) (1 + t)/(1 − t) k⟨x, y⟩/(x 2 , y 2 − xy) (0, 1) × (1, 0) ∪ (1, 1) × (0, 1) 1 + 2t + 2t 2 + t 3 k⟨x, y⟩/(xy, yx) (0, 1) × (0, 1) ∪ (1, 0) × (1, 0) (1 + t)/(1 − t) k⟨x, y⟩/(xy, x 2 − y 2 ) (0, 1) × (1, 0) 1 + 2t + 2t 2 k⟨x, y⟩/(xy, x 2 − yx) (0, 1) × (0, 1) ∪ (1, 1) × (1, 0) (1 + t − t 3 )/(1 − t) k⟨x, y⟩/(xy, x 2 − yx + y 2 ) (0, 1) × (1, 1) ∪ (1, 1) × (1, 0) 1 + 2t + 2t 2 + t 3 k⟨x, y⟩/(xy, x 2 − yx + µy 2 ) (0, 1) × (µ, 1) ∪ (1, 1) × (1, 0) 1 + 2t + 2t 2 where λ ̸ = 0, µ ̸ = 0, 1.
Except the following two cases
where λ ̸ = λ ′ , we can check that all algebras in Table 1 
Next we classify quadratic algebras in Theorem 4.6 up to graded Morita equivalence. We check whether two algebras are not graded Morita equivalent by using Theorem 2.7 and Theorem 2.9.
Except the following three cases 
where λ ̸ = λ ′ , µ ̸ = µ ′ , we can check that all algebras in Theorem 4.6 are non-graded Morita equivalent to one another by Theorem 2.7 and Theorem 2.9. In the case (4-3), if we define
We now consider the case (4) (5) . Suppose that there is a twisting system τ = {τ i } such that C ′ ∼ = C τ . We can present C and C ′ as
Note that C and C ′ have exactly two linealy independent reducible relations as presented above by Proposition 4.2. Thus, since τ is a twisting system, τ i satisfies
for any i. Then we can check that µ + µ ′ = 1 is necessary condition for τ to be a twisting system by calculations. Moreover if µ+µ ′ = 1, then we construct a twisting
for all j.) Hence we complete classification up to graded Morita equivalence in the case r = 2 as follows. 
The case r = 3
Definition 5.1. Let A = k⟨X⟩/(R) be a quadratic algebra. Let V be a k-vector space having a basis X = {x 1 , . . . , x n }, and V * a k-dual space of V . If the elements
. . , ξ n } is a basis of V * where δ ij is the Kronecker delta. The quadratic dual of A is defined by
Example 5.2. Example of quadratic duals.
•
The following result is well-known (cf. [4] ). We will include the proof for the reader's convenience. 
Proposition 5.5. Let A = k⟨X⟩/(R) be a quadratic algebra, and φ
where t φ is the graded k-algebra automorphism of A ! given by applying Theorem 5.3 to φ.
Proof. Since φ ∈ Aut k A, θ is a twisting system on A. By Theorem 5.3,
Corollary 5.6. Let A, B be quadratic algebras, and θ
Proof. By Corollary 5.6,
so GrMod A ≇ GrMod C and GrMod B ≇ GrMod C by Theorem 2.7. The Hilbert series of each algebra is 
Properties of the classified quadratic algebras
At the end of this paper, we describe several algebraic properties of the classified quadratic algebras. More specifically, we check properties like domain, noetherian property, global dimension, GK-dimension, Koszul property and Hilbert series. It is easy to check left and right noetherian property, Hilbert series and GK-dimension for the algebras in Table 2 , so we give a few facts for determining global dimension and Koszul property. Table 2 .
Next we recall the notion of Koszul. A connected graded k-algebra A is called Koszul if the minimal free resolution of k A is of the form We refer to [7] for other basic properties of Koszul algebras. Similarly we can check Koszul property for the algebras in Table 2 . 
